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This makes r<2 so that for systems (1) 

- ^-=1, 2, 3, 
and for systems (1'), 

1^=1, 2, 3, 

are the possible cases. Investigating these cases using (14), we find that (4) ob- 
tains for the equations 

M)«+1=0; w s +2=0; w* +w+l=0; w*+w+2=0; w s +w+3=0...(15). 

In these cases we have a greatest common divisor process. 

If we define a prime number JTof a system (1) or (1') as one which has 
no factor n such that 1< | n | < | JT | , we have the theorem : 

Every number JVof one of the systems (15) can be decomposed essential- 
ly in but one way into prime factors. The non-essential variations are obtained 
frem the factors /such that | / | =1, which are the complete units. 

The work here given completes the consideration of the case for a nega- 
tive discriminant D, and agrees with the results of Dedekind, Zahlentheorie, 
fourth edition, page 450. 



ON THE CHORD OF CONTACT OF TANGENTS TO A CONIC 



By W. D. LAMBERT, Washington, D. G. 

If we wish to find the equation of the chord of contact of tangents drawn 
from a point P l = (x 1 , y x ), to the conic* 

Ax* +Bxy+Cy* +Dx+Uy+F=^0. ..(1), 

the straightforward way is to denote the unknown points of contact P 8 = (x 2 , y 2 ) 
and P 3 = (» 3 i ^3), and proceed to find the values of those coordinates. For this 
purpose we get two equations by substituting (x 2 , y t ) and (a: g , y s ) in (1), and 
two more by expressing the fact that P g lies on the tangents through P 2 andP 3 . 
These are 

R D F 

Ax 1 x a +-^-(x 1 y i +x 2 y i ) + Gy,y^+ -^-{x i -] r x t )+-^-i : y i +y i )+F=0...(2), 

*I carry the work through for the general case, but as beginners are likely to be ap- 
palled by the mere length of an equation that is simple enough in principle, it is advisable 
in teaching to take at first a simpler special form of the equation of the conic. 
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These four equations give x 2 , y 2 , x s , y 3 in terms of A, B, C, etc., and «,, y z . 
The required chord of contact is found by substituting their values in the form- 
ula for the straight line 

y-y s = y 3 -y* / 4) 

This direct solution is obvious in principle, but very tedious in the analytic work, 
and does not appear in text books. The favorite method in elementary treatises 
is to assume the result, namely, that the equation of the chord of contact of tan~ 
gents to the conic (1) is 

B D E 

Ax,x + -^-(xy 1 +x 1 y)+Gy 1 y+-^ r (x+xJ + -^-(y+y 1 )+F=0...{5'), 

and then prove that (5) is a straight line passing through the points of contact 
P s and P 8 . This process is certainly contrary to the spirit of analytic geometry, 
and seems obscure to many beginners. 

The direct attack may be made easier by noting that we require nota; 8 , y 2 , 
x 3 , and y$ themselves, but only certain combinations of them that are easy to 
find. Subtract (2) from (3) and factor so as to bring out x % — x % andy 3 — y 2 . 
We may write the resulting equation in the form 

Ax, +-^-y, +—r 
» 3 — x„ B , _ , H ' 

-g-^ + ^ + T 

Substitute this value in (4) and clear of fractions; after transposing the result 
may be written 

B DUB 

Ax,x+-2-(x 1 y+xy 1 )+Cy 1 y+-2~x +Y-y-l Ax i x 2+-^( x iy' i + x iyi)+Gyiy i '\ + 

T) Jf 

Adding the identity (2) to (6), we get the required equation (5). 



